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Magnetic phase diagrams and magnetization plateaus of the spin-1/2
antiferromagnetic Heisenberg model on square-kagome lattice with three
nonequivalent exchange interactions
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Magnetization plateaus in quantum spin systems emerge in two-dimensional frustrated systems
such as a kagome lattice. The spin-1/2 antiferromagnetic Heisenberg model on a square-kagome
lattice is also appropriate for the study of the magnetization plateau. Motivated by recent experi-
mental findings of such a square kagome lattice with three nonequivalent bonds, we investigate the
phase diagrams and magnetization plateaus of the lattice using the exact diagonalization method.
In addition to the previously reported 1/3 and 2/3 plateaus in the model with two equivalent bonds,
we find a new 2/3 plateau whose magnetic structure is characterized by spontaneously broken four-
fold rotational symmetry. The plateau appears only in the case of three nonequivalent bonds. We
propose the possibility of finding plateaus including the new one.
PACS numbers: 75.10.Jm, 75.10.Kt, 75.60.Ej
Two-dimensional frustrated quantum spin systems
give rise to novel quantum states such as quantum spin
liquids and valence bond crystal (VBC) states owing
to the influence of quantum fluctuation and frustration.
Magnetization plateaus provide a good playground for
such novel quantum states. In spin-1/2 two-dimensional
frustrated Heisenberg models, magnetization plateaus in
magnetic fields have theoretically been predicted in the
kagome lattice (KL) [1–3], triangular lattice [4, 5], J1-
J2 square lattice [5–7], Shastry-Sutherland lattice [8],
checkerboard lattice [9, 10], and square-kagome lat-
tice (SKL) [11–13]. However, magnetization plateaus
have been observed experimentally only for the triangu-
lar [14, 15] and Shastry-Sutherland lattices [16, 17]. This
is because of the difficulty in synthesizing compounds
that fit to theoretical models. In particular, many com-
pounds exhibit lattice distortions that do not correspond
to theoretical models [18–32]. It is thus important to
theoretically study lattices with distortions to make com-
parison easy with real compounds.
Very recently, a compound with the spin-1/2 SKL with
three nonequivalent exchange interactions, J1, J2, and
J3, (see Fig. 1) was synthesized [33]. This compound will
be a good candidate for exhibiting possible plateaus with
the novel quantum state. However, the SKL with the
three nonequivalent exchange interactions has not been
studied theoretically, and thus, their magnetic properties
are unknown. Only the SKL with J2 = J3 (see Fig. 1),
i.e., the lattice with the two equivalent bonds, has been
studied and two kinds of 1/3 plateaus with up-up-down
(UUD) structure and VBC as well as a 2/3 plateau with
VBC have been reported [13]. Therefore, it is necessary
to investigate the ground state of the SKL with nonequiv-
alent exchange interactions together with magnetization
plateaus for the sake of forthcoming experiments.
In this letter, we study the ground states of the
spin-1/2 Heisenberg model on the SKL with the three
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FIG. 1. (Color online) Lattice structure of SKL with three
exchange interactions. The red solid, blue thick, and green
dashed lines denote the exchange interactions J1, J2, and J3,
respectively. We set J1 = 1. The shape of the system size
N with periodic boundary conditions is denoted by the blue
dashed lines for N = 18, the orange dashed lines for N = 24,
the purple dashed lines for N = 30, and the gray dashed lines
for N = 36.
nonequivalent exchange interactions at zero temperature
using the Lanczos-type exact diagonalization method.
We obtain magnetic phase diagrams at zero magnetic
field and finite magnetic fields inducing both 1/3 and
2/3 plateaus. We find a new 2/3 plateau with the mag-
netic structure that breaks four-fold rotational symmetry
spontaneously. The origin of the plateau is attributed to
the presence of the three nonequivalent exchange inter-
actions.
The Hamiltonian for the spin-1/2 SKL with the three
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FIG. 2. (Color online) Phase diagram of the SKL Heisenberg model at h = 0. (a) Classical phase diagram. Spin-1/2 quantum
case for (b) N = 24 and (c) N = 30. The details of the phases are explained in the text.
exchange interactions in the magnetic field is defined as
H =
∑
〈i,j〉
Ji,jSi · Sj − h
∑
i
Szi , (1)
where Si is the spin-
1
2 operator at site i, 〈i, j〉 runs over
the nearest-neighbor spin pairs, Ji,j corresponds to one of
J1, J2, and J3 shown in Fig. 1, and h is the magnitude of
the magnetic field in the z-direction. In the following we
set J1 = 1 as the energy unit. We perform the Lanczos-
type exact diagonalization calculations at zero temper-
ature for the SKL with the system size N = 18, 24, 30,
and 36, as shown in Fig. 1, under the periodic boundary
conditions.
We first show the classical phase diagram of the ground
states at h = 0 in Fig. 2(a). The classical spin liquid
in the phase diagram means that the ground state ex-
hibits macroscopic degeneracy, degrees of which are more
than those of the degrees of global spin rotation symme-
try. The J1-J2(3)-Neel phase has a magnetic structure in
which the nearest-neighbor spins on plaquettes formed by
the J1 bonds align in an antiparallel manner, and spins
connected to the plaquettes through the J2(3) bond are
also antiparallel to the neighboring spins on the plaque-
ttes. On the other hand, in the UUD phase, all spins on
the plaquettes are ferromagnetically arranged and the re-
maining spins are antiparallel to the plaquette spins. We
note that, in contrast to the classical spin liquid phase,
the degrees of degeneracy in the J1-J2(3)-Neel and UUD
phases are determined by the global spin rotation sym-
metry.
Quantum effects change the phase diagram. Fig-
ures 2(b) and 2(c) show the phase diagram obtained by
applying the Lanczos-type exact diagonalization for the
N = 24 and N = 30 periodic lattices, respectively. The
phase boundaries are determined by investigating the
level crossing of the ground state and an excited state
as well as the second derivative of the ground energy
with respect to J2 or J3. Along the J2 = J3 line, we find
five phases, I, II, III, Ferri, and UUD for N = 24, and six
phases, I, II, III, IV, Ferri, and UUD for N = 30. The de-
tailed magnetic structures in the I, II, III, and IV phases
have not been identified yet; however, the presence of
the phases are consistent with the previous report [13].
The UUD phase is the same as the classical one. In the
Ferri phase, the total spin S of the ground states sat-
isfies the condition 0 < S < 13Msat, where Msat is the
saturation magnetization. We note that the UUD phase
corresponds to the M = 1/3 Ferri phase in the previous
report [13]. Around the J2 = J3 line for N = 30, we find
phases denoted by V, VI, VII, and VIII in Fig. 2(c). The
phases are not well characterized because of the possibil-
ity of finite-size effects. In fact, the IV-VIII phases are
not found for N = 24. Moreover, in the thermodynamic
limit, the phase diagram must be symmetric with respect
to the J2 = J3 line; however, it is not in Fig. 2(c). This is
due to the geometry of the N = 30 system, where there
is no mirror symmetry between the J2 and J3 bonds (see
Fig. 1). On the other hand, the N = 18, 24, and 36
systems have mirror symmetry, making them symmetric
with respect to the J2 = J3 line in the phase diagram, as
shown in Fig. 2(b).
To confirm the presence of I and II phases in the ther-
modynamic limit, we calculate the energy gaps, ∆E, be-
tween the first excited and ground states for N = 24
and N = 30. Figures 3(a) and 3(b) show ∆E on
the J2 + J3 = 1.2 line crossing the I phase and the
J2 + J3 = 2.1 line crossing the II phase, respectively.
The line segment on the J2 axis joining the two ∆E = 0
or minimum points in Fig. 3(a) [3(b)] corresponds to the
I [II] phase. When N increases from 24 to 30, the width
of the I and II phases becomes narrow. Therefore, there
is a possibility that these phases exist only on the J2 = J3
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FIG. 3. (Color online) The energy gap ∆E between the first
excited and ground states for N = 24 and 30. (a) The J2 +
J3 = 1.2 line. (b) The J2 + J3 = 2.1 line.
line in the thermodynamic limit. In the vicinity of the II
phase, ∆E become larger for N = 30 than for N = 24
[see Fig.3(b)]. This suggests that the gap becomes finite
in the thermodynamic limit. There is a possibility that
quantum ground states such as quantum spin liquid or
VBC states exist. Further away from the J2 = J3 line in
Fig. 2(b) and 2(c), we find the J1-J2(3)-Neel phase similar
to the classical result; however, we cannot identify spin-
liquid ground states for the present systems. In order to
confirm the existence of quantum spin liquid and VBC
phases at h = 0, we need more detailed studies using
larger size systems. This remains a future problem.
Next, we investigate the ground states of the spin-1/2
SKL in the magnetic field. Figures 4(a) and 4(b) show
the magnetization curve at zero temperature for J2 =
0.6, J3 = 0.5 and J2 = 2.0, J3 = 0.65, respectively.
The magnetization curves show the 1/3 and 2/3 plateaus
denoted by A and C for M/Msat = 1/3 and B and D for
M/Msat = 2/3. The width of these plateaus are almost
size independent. Thus, these plateaus are expected to
remain even in the thermodynamic limit.
The magnetic structures of the A, B, C, and D plateaus
are shown in Figs 5(a), 5(b), 5(c), and 5(d), respectively.
In A and B, the magnetic structure exhibits antiferro-
magnetically coupled four spins on the plaquette and
almost fully polarized spins surrounding the plaquette.
Here, we name the phases of A and B, VBC-I and VBC-
II, respectively. The magnetic structure of C is the UUD
structure, where the trimers whose central spin aligns
downward and side-spins align upward are formed be-
cause of a large J2, as shown in Fig 5(c). The three mag-
netic structures, VBC-I, VBC-II, and UUD, have already
been studied in the SKL with J2 = J3 [13]. However, the
D plateau has not been reported before, to the best of
our knowledge. We will discuss the new plateau below.
In the D plateau for N = 24 and N = 30, there
is no spontaneous symmetry breaking of the magnetic
structure because of the finite-size effects. In order to
observe the spontaneous symmetry breaking expected
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FIG. 4. (Color online) Magnetization curve of the SKL at
zero temperature for N = 24, 30, and 36. (a) J2 = 0.6 and
J3 = 0.5, and (b) J2 = 2.0 and J3 = 0.65. There are the 1/3
(2/3) plateaus in both (a) and (b), labeled by A and C (B
and D), respectively. The D plateau is newly discovered in
this work.
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FIG. 5. (Color online) The nearest-neighbor spin correlation
〈Si · Sj〉 -〈S
z
i 〉〈S
z
j 〉 and the local magnetization 〈S
z
i 〉. The
plateaus, (a) A, (b) B, (c) C, and (d) D for N = 30 shown in
Fig. 4. For D, a very small difference of J2 between the two J2
bonds is introduced (see text). Black solid (purple dashed)
lines connecting two nearest-neighbor sites denote negative
(positive) values of the spin correlation and their thicknesses
represents the magnitudes of correlation. Blue (red) circles
on each site denote positive (negative) value of 〈Szi 〉 and their
diameters represents its magnitude. We name A, B, C, and
D the VBC-I, VBC-II, UUD, and AT phases, respectively.
in the thermodynamic limit, we introduce a very small
0.01% difference in J2 between the two J2 bonds, which
corresponds to spatial anisotropy, and we calculate the
magnetic structure of D for N = 30, which is shown in
Fig. 5(d). We note that the magnetic structure of D
4for the N = 36 system is almost the same as Fig. 5(d),
without the difference of J2 because of the geometrical
anisotropy of the system. (see Fig. 1). We find that two
kinds of trimers connected by the two J2 bonds, i.e., a
strongly connected antiferomagnetic trimer and a weakly
connected ferromagnetic trimer, are ordered in D. This
structure breaks the four-fold rotational symmetry spon-
taneously. We name this phase the alternate trimerized
(AT) phase. The two kinds of trimers-ordered structures
have been reported in a 2/3 plateau of the distorted dia-
mond chain [34]. In the distorted diamond chain, transla-
tional symmetry is spontaneously broken and the period
of the magnetic structure is doubled for the period of the
lattice. On the other hand, in the SKL, the translational
symmetry does not break, but the four-fold symmetry
spontaneously changes to two-fold symmetry.
In order to clarify the robustness of the plateaus
discussed above, we investigate the phase diagram for
M/Msat = 1/3 and 2/3. In order to obtain precise phase
diagrams in the thermodynamic limit, we need to calcu-
late the lower and upper magnetic fields, between which
the M/Msat = 1/3 or 2/3 state is the ground state for
finite-size systems, and we have to perform a finite-size
scaling of the fields. If the difference of the upper and
lower field, W , is positive and finite in the thermody-
namic limit, there is a 1/3 or 2/3 plateau at a given J2
and J3. To perform such a finite-size scaling, we use the
exact diagonalization data for N = 18, 24, and 30, where
we choose the lattices that have a square shape, excluding
the less square-shaped N = 36 lattice, and we perform a
simple linear fitting of the data, assuming that the data
are symmetric with respect to the exchange of J2 and J3.
From the fitting and exploration to the thermodynamic
limit, we judge a plateau to be present if W > 0.
Figure 6(a) shows the phase diagram for M/Msat =
1/3. The VBC-I phase corresponding to A in Fig. 4(a)
exists in the region of J2 <∼ J1 and J3
<
∼ J1, since
the VBC-I phase is characterized by strong antiferro-
magnetic correlations in the plaquettes controlled by J1
as shown in Fig. 5(a). On the other hand, the UUD
phase corresponding to C in Fig. 4(b) covers the region
of J3 >∼ 2− J2, as expected from the magnetic structure
of the UUD phase as shown in Fig. 5(c). Figure 6(b)
shows the phase diagram for M/Msat = 2/3. The VBC-
II phase corresponding to B in Fig. 4(a) exists in the re-
gion similar to the VBC-I phase for M/Msat = 1/3. The
AT phase appears in the regions of 0.5 <∼ J2(J3)
<
∼ 1.0
and 1.5 <∼ J3(J2). The presence of the AT phase at the
regions is related to the phase boundary in the corre-
sponding classical spin system. In fact, the AT phase
is approximately located on the dotted line in Fig. 6(b),
given by the equation J3 = J2/(2J2−1), which shows the
ground state phase boundary between a two-sublattice
canted order and a four-sublattice canted order in the
classical system. The z component of the spins in both
orders does not break the four-fold rotational symme-
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FIG. 6. (Color online) Phase diagrams of the SKL Heisen-
berg model at finite magnetization. (a) M/Msat = 1/3 and
(b) M/Msat = 2/3. The regions where plateaus exist are col-
ored by orange (VBC-I and VBC-II), blue (UUD), and green
(AT). The purple dotted line in (b) represents the ground
state phase boundary between a two-sublattice canted order
and a four-sublattice canted order in the classical spin system.
try, which is different from the structure shown in the
Fig. 5(d). However, since the ground states degenerate at
the phase boundary, a state with the four-fold symmetry
breaking can be a ground state just at the boundary. The
quantum fluctuation on top of the degenerated classical
ground state can lift the degeneracy due to the so-called
order-by-disorder mechanism, resulting in the AT phase
in these regions. Moreover, we confirm the existence of
the AT phase even at J2 = 10.0, J3 = 0.6, out of the plot-
ted region in Fig 6(b). Therefore, the AT phase exists in
wide regions.
In summary, inspired by the recent discovery of a
5new spin-1/2 SKL compound with three nonequivalent
exchange interactions [33], we investigated the ground
state of a spin-1/2 Heisenberg model on SKL with three
nonequivalent exchange interactions in a magnetic field
using the Lanczos-type exact diagonalization method.
We obtained phase diagrams at zero magnetic field and
finite magnetic field inducing both 1/3 and 2/3 plateaus;
we found four plateau phases. One of them is a new 2/3
plateau phase, which we name the AT phase, where the
magnetic structure spontaneously breaks four-fold rota-
tional symmetry. The origin of the plateau is attributed
to the presence of three nonequivalent exchange interac-
tions. Since these four plateaus exist in wide regions for
J2 and J3, the newly discovered compound is expected
to exhibit the plateaus. We hope that our study will mo-
tivate further experimental investigations on SKL com-
pounds in the future.
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